The pseudo-angle characterizes the pseudo-conformal group G." Let S2m be a fixed 2m dimensional manifold contained in 2;2 so that m .
formal.
This gives a geometric characterization of the pseudo-conformal manifolds Z2m contained in a given pseudo-conformal manifold Z2, where m _ n.
If w = 4 + i4, is monogenic over R, then the curves of k = const. are pseudo-orthogonal to the manifolds P = const.
For n = 1, this reduces to the well-known result that the components of a monogenic function of a complex variable give rise to an orthogonal isothermal net.
1 The term polygenic was introduced by Kasner in 1927. See: "A New Theory of Polygenic (or non-Monogenic) functions," Science, 66, 581-582 (1927) . The term nonanalytic is also used. 4, 7-45 (1944) .
' De Cicco, "The Pseudo-Angle in Space of 2n Dimensions," Bull. Am. Math. Soc., 51, 162-174 (1945) . Also "Functions of Several Complex Variables and Multiharmonic Functions," Am. Math. Monthly, 56, 315-325 (1949 The n-dimensional rotation group is an ( 2 F-parameter group and 2 if we set n = 2k or n = 2k + 1, according as n is even or odd, it is usually convenient to adopt as k of these parameters the k angles 01, 02, O ek which determine the class of the group to which the particular element X of the group which we wish to specify belongs (the function of the remain-eters and their differentials. We shall refer to the first of these factors as the class factor (the other being the non-class factor). Whenever the function which we wish to integrate over the group is a class function it is sufficient to know the class factor of the element of volume of the group (the other factor canceling out in the process of averaging over the group) and, so far as we know, it is only the class factor of the element of volume of the n-dimensional rotation group that has been furnished to date. We propose to give in the present note the complete expression of the element of volume of the n-dimensional rotation group. The calculations necessary to furnish this yield at the same time the element of volume of the n-dimensional Lorentz group and of the n-dimensional quasi-Lorentz groups. The parameters we shall use are the analogs for the n-dimensional rotation group of the familiar Eulerian angles 4, 0, V/ (for the 3-dimensional rotation group); these have certain advantages (in the physical applications) over the class and non-class parameters (which are, from the theoretical point of view, more attractive) and the element of volume of the 3-dimensional rotation group in terms of the Eulerian angles, namely, sin 0 d4 dO do is already well known and widely used. The progress made in the present note is the extension of this result to the general value of n; the case n = 4 is of particular interest in view of the intimate connection between the 4-dimensional rotation group and the 4-dimensional Lorentz group.
Any n-dimensional rotation matrix X may be written as the product of n(n -1) 2 plane rotation matrices. We indicate by subscripts the plane in which the rotation takes place; thus R12(4) denotes the rotation n X n matrix of which the elements in the first two rows and first two columns are /cos 4 -sin 4+\ i os si the remaining elements being zero, save the diagonal \sin cos elements which are 1. Of the (2 ) angles involved, one in each of the plane rotation matrices whose product is X, n -1 are longitude (or equatorial) angles 4'l, 42, ..., O.-,, each of which lies in the interval -r < 4 < Xr while the remainder are latitude (or meridian) angles 01, 02, 0(n --1)(n -2)/2 each of which lies in the interval 0 < 0 < ir. In the cases n = 3, 4 and 5, for example, we have X = R12(4)2)R23(01)R12(01); n = 3; X = Ri2(48)R28(03)R34(02)Rl2(42)R28(01)RI2(41); n= 4; X = Rn2(04)R2s(06)R34(0s)Rr(04)R12(4)3)R23(03)Rs4(02)Ri2(02)R23(01)R12(4i); n = 5. It helps in the calculations to observe that, except for the change in the dimensions of the plane rotation matrices involved, each of these expressions involves the preceding expression as a factor. Thus if we denote, for a moment, the typical element of the n-dimensional rotation group by Xn, so that X2 = R12(4)1), X3 is the product of X2 (increased to dimension 3) by Rn(02)R23(01). Similarly X4 is the product of X3 (increased to dimension 4) by R12(03)RW (03) R4u(02), X6 is the product of X4 (increased to dimension 5) by R12(4)4)R23(06)R34 (05)R45 (04) and so on. The net result of this is that the element of volume of the n-dimensional rotation group involves the element of volume of the (n -l)-dimensional rotation group as a factor.
Thus the element of volume of the 2-dimensional rotation group is d0); the element of volume of the 3-dimensional rotation group is the product of this by sin 01 dO1 d4)2, namely, sin 01 do, dO1 d4)2. The element of volume of the 4-dimensional rotation group is the product of the element of volume of the 3-dimensional rotation group by sin2 02 sin 03 do2 dO3 d02, namely, sin 01 sin2 02 sin 03 do,1 dO1d42 dO2dO3 d4)3. Similarly, the element of volume of the 5-dimensional rotation group is the product of the element of volume of the 4-dimensional rotation group by sin3 04 sin2 0; sin 06 dO4 dO6 dO6 d(4 and so on. The final result may, therefore, be stated as follows:1
The element of volume of the n-dimensional rotation group is obtained by multiplying the product of the differentials of the ( ) angles 4) and 2 0 by the product of n -2 factors of which the first is sin 01, the second sin2 02 sin 03, the third sin3 04 sin2 06 sin 06, and so on, the last being sin'-2 op sin'-3 p+ 1 ... sin 0+ n3where p = (n -2)(n -3) +1 sothatP + n -
For the case of the Lorentz group sin 0,2 must be replaced by sinh On-2, the range of 0 being over all non-negative values. Thus the element of volume of the 4-dimensional Lorentz group is sin 01 sinh2 02 sin 03 d4)1 do, d02 do2do3 d4)3, the parametric space being furnished by the formulas -7 < 4) < r; 0 < 01 < 7r; -l < 2 < r; 0 <02; 0 < 03 < 7r; -ir < 4)3 < 7r. Similarly, for the 4-dimensional quasi-Lorentz group, the element of volume is sin 0, sinh2 02 sinh 03 d4)l dol d42 dO2 do3 d43 where, now, both 02 and 03 range over all positive values.
1 Details of the calculations will appear in "Lectures on Matrices and Matrix Groups" to be published by the Centro de Pesquisas Fisicas, Rio de Janeiro, Brazil.
